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CHAOTIC SOLUTIONS IN DIFFERENTIAL INCLUSIONS:
CHAOS IN DRY FRICTION PROBLEMS

MICHAL FECKAN

ABSTRACT. The existence of a continuum of many chaotic solutions is shown
for certain differential inclusions which are small periodic multivalued per-
turbations of ordinary differential equations possessing homoclinic solutions
to hyperbolic fixed points. Applications are given to dry friction problems.
Singularly perturbed differential inclusions are investigated as well.

1. INTRODUCTION

Consider a mass attached to a spring and sliding on a horizontal surface. When
there is a friction between the surface and the mass, and a periodic external force
as well, the following equation is studied:

(1.1) i+ q(z) + prsgnd = pay(t)

where ¢ € C?(R,R), p1,2 > 0 are small constants, ¢ € C*(R, R) is 2-periodic and
sgnr = r/|r| for r € R\ {0}. For more physical background we refer the reader to
[1], [3] and [10].

By introducing the multivalued mapping

sgn r forr #0,

S =
sur [—1,1] forr =0,

(1.1) is rewritten as
4 q(x) — p2tp(t) € —p1 Sgn .

To deal with much more general equations like (1.1), in Section 3 we consider
differential inclusions which take the following form

k
(1.2) (t) € f(x(t) + > pifi(x(t),p.t) ae on R
=1

with # € R", u € R*¥, u = (u1,---,ur). In this paper, by a solution of any
differential inclusion we mean a function which is absolutely continuous and satisfies
the differential inclusion almost everywhere.
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We put

k
gla,mt) = pafile, p.t)
=1

and make the following assumptions about (1.2):
) f:R* > R*"isC?and f; : R* xRF xR — 28"\ (), i = 1,--- , k, are
upper—semicontinuous ([2], [12]) with compact and convex values.
(ii) f(0) = 0 and the eigenvalues of D f(0) lie off the imaginary axis.
(iii) The unperturbed equation has a homoclinic solution. That is, there exists a
differentiable function ¢t — ~(t) such that lim; ;oo () = limy—_ooy(t) =0
and §(t) = f(7(t)).
(iv) q(z, p,t +2) = q(x, u,t) for t € R.
The purpose of this paper is to find conditions ensuring that for any sequence
{e;}jez, €j € {0,1} and p small, there is a solution of (1.2) on R. Moreover, we have
different solutions for different sequences and in addition, sequences characterize (or
count) turnings of corresponding solutions around 7. Consequently, we extend the
deterministic chaos of [9] and [11] to (1.2).

This paper is a continuation of [4]-[6] where the existence of subharmonics of
(1.2) are studied. Hence we prove in this paper the chaotic behaviour of (1.2)
conjectured in [4] and [5]. Proofs of results in this paper are very similar to proofs
in [4]-[6].

In Section 4, we extend results of Section 3 to the singular differential inclusions
studied in [4] and [5].

Finally, we note that all examples of nonautonomous differential inclusions pre-
sented in [4] and [5] satisfy the conditions of the theorems proved in this paper. So
they exhibit chaotic solutions and we refer the reader to these papers for application
to concrete examples of dry friction problems.

2. THE VARIATIONAL EQUATION

Let W5, W*" be the stable and unstable manifolds, respectively, of the origin of
the unperturbed equation

(2.1) i= f(z).
By the variational equation of (2.1) along v we mean the linear differential equation
(2.2) u(t) = Df(y(t))u(t).

We need the following result.

Theorem 2.1. ([8]) Let d; = dim(W?), d,, = dim(W™") for (2.1) and let I, I,
denote the identity matrices of order ds, d, respectively. There exists a fundamental
solution U for (2.2) along with a non—singular matriz C, constants M > 0, Ky > 0
and four projections Pss, Psy, Pus, Puy such that Pss + Py + Pys + Py = I and
the following hold:
(1) |U(t)(Pss + Pus)U(8)7Y < Koe?ME= for 0 <s <t ,
(ii) |U(t)(Psu + Puu)U ()71 < Koe?ME=9) for0 <t <s ,
(iil) |U(t)(Pss + Psu)U(8) 7Y < Koe?ME=9) fort <s <0 ,
(iv) |U#)(Pus + Pu)U(5) 71| < Koge?MG=) for s <t <0,
)

I, 0O
: -1 _ s -1
(v tl}—i-moo Ut)(Pss + Pus)U ()™ =C (0 O) ¢,
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(vi) lim U(t)(Paw + Po)U(t) = C (0 0) 1,

t——+oo O Iu
(vii) lim U(t)(Pss + Pu)U(t) ' = C (8 IO> c1,
(viil) lim_U(t)(Pus + Puu)U ()™ = C (IO 8) ct.

Also, there exists an integer d with rank Pss = rank Py, = d.

Let u; denote column j of U and assume these are numbered so that

Iy 0q4 O 0q 0q O
Puu = Od Od 0 ) Pss = Od Id 0
0 0 O 0 0 O

Here, I; denotes the d x d identity matrix and 04 denotes the d x d zero matrix.

For each i = 1,--- ,n we define ui(t) by (ui(t),u;(t)) = &;;, where (-,-) is the
inner product. The vectors u;- can be computed from the formula U =yt
where U+ denotes the matrix with u;- as column j. Differentiating UU*" = I we
obtain UUL + UU** = 0 so that U+ = —(U~'UU ) = —Df(y)'U+. Thus, U+
is the adjoint of U.

The function + is always a solution to the variational equation (2.2). If 4 appears
as a column of U we shall assume usy = . In general we shall always assume

(ugq, ) # 0.
Fix m € N and define the following Banach spaces:

L = O([_mvm] 7Rn) ’
Y = Loo ([—-m, m] ,R") .

We take as norm || - ||, the supremum for Z,,, respectively | - |, the usual L
norm for Y;,.
Integration of the inequalities in Theorem 2.1 yields the following result.

Theorem 2.2. ([7]) Let U be the solution to (2.2) along with the projections Pss,

Py, Pys, Puy as in Theorem 2.1. Then there exists a constant A > 0 such that for
any m >0 and any z € Y., the following hold:

(i) /Ot [U(t)(Pss + Pus)U(s) ™ 2(s)| ds < Azl fort € [0,m],
@) [ WO+ PO 50 ds < Alely for e € Do,
@ [ U (Pas + PadU(s) 205 ds < Alzlys for t € [-m, 0],
w tm (U (Pas + Paa)U(s) " 2(5) | ds < Alzlys for t € [-m,0].

Now we consider the linear equation

(2.3) o(t) = Df(0)u(t),
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and put

Vi =P qu=c( g)e

Q=0 Qu=0. Qu=c(y [)c,
where C is from Theorem 2.1.
Theorem 2.3. By considering in Theorems 2.1 and 2.2 the exchanges
U)o V@), Poso Qssy Pouo Qsus Pus & Qus;  Puuw < Qua,
Theorems 2.1 and 2.2 are valid for (2.3).

Proof. In the language of dichotomies [11] we see that Theorem 2.1 provides a two—
sided exponential dichotomy for (2.2). For t — —oo an exponential dichotomy is
given by the fundamental solution U and the projection Pss+ Ps,, while for t — 400
such is given by U and Pss + Pys. Since limi—, 1o, Df(y(t)) = Df(0) and Df(0) is
hyperbolic, the results follow from [11, Lemma 3.4]. O

For any finite sequence £ = {e;}"_; € {0,1}?, p € N we say that if e; = 1, then
A;(t)=Df(1(t)), U;=U, P =P,
P), =Py, Pl.=P.,, Pl =Pu;
and if e; = 0, then
Aj(t) = Df(0), U;=V, Pl =Qs,
Pl,=Qsus Ply=Qus;, Pl = Quu-
We put I, = {1,2,--- ,p}. For any a € Ag, where the set Ag is defined by
.AE:{(ozl,--- ,ap) ERP 1 a; €R if ej=1 and a; =0 if ejz()},
we consider the non-homogeneous linear equations
(2.4) 2 =A;(t—oj)z;+hj, jel,, h; €Yy,
zj(m) = zjp1(-m) for 1<j<p-1,
zp(m) = z1(=m),
and we prove a Fredholm-like alternative result for (2.4).

Theorem 2.4. For any K > 0, there exist mg > 0, A > 0, B > 0 such that for
every j € I, m > my, m € N and o € Ag such that |a| < K, there exist linear
functions Lo aj @ Ym — R™ with ||Pl,Lom ol < Ae™2M™ and with the property
that if hj € Yy, j € I, satisfy

/ PJU;(t — o) hy(t) dt + P, Lina,jhj =0,
then (2.4) has solutions in z; € Zp, satisfying
PIU;(—a;) '2;(0) =0 and max ||2]lm < B max |hjl|, .
Jjelp JEIp

Moreover, these solutions z; depend linearly on h; and continuously on a as well.
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Proof. We follow [7] by putting U, (t) = U;(t — a;), j € I,. Given hj € Yy, j € I,
we use variation of constants to construct the following two solutions to (2.4):

21,5(t) = U; () P11 + U (8)(Pl, + PL,)U; (—m) " o1

0500 | (PL 4 PL)O(s) 0y (s) ds

+Uj(t) /t (Pl + PL)U;(s) " hy(s) ds,

—m

20,5(t) = U;j(t) Pl o + U (£)(PI, + PL,)U;(m) o,

+05(1) / (PJ, + P1,)0;() " hy(s) ds

- o) [ " (PL, + PO (5) () ds

Here &1 5, &2,5, 1,5, @2, are arbitrary. Fach of these represents the general
solution to (2.4) satistying PJ,U;(0)~'2;(0) = 0. We consider 21 j(t) for t € [~m, 0]
and 29 ;(t) for ¢t € [0, m].

The conditions z1,;(0) — 22,;(0) = 0 decompose into the following three families
of equations:

(@5a) Pl - PLO;m) pay+ [ PLO) Mhits) ds =0,
0
0
@) PLOm) e [ PO hs)ds - Plgay =0,

(2.5¢)  PJ,Uj(=m) 1 — Pl,U(m) o + /

PJ.U;j(s) " hi(s)ds = 0.

We can solve (2.5a), (2.5b) for & ;, &2, ; respectively. If we write out the equations
z1,j41(—m) — 22,;(m) = 0, substitute the formulas for & ;41, {2; and rearrange
terms we get the equations

I, 0 _ 0 O _
(2.6) [(0 0) + R17j(m7a):| C 1@1,j+1 + [— (O Iu> + R27j(m=0<)] C 190273‘

+ Rz j(m,a)C o j11 + Raj(m,a)C ey j = Vi(m,a,h),

where the matrix C is taken from Theorem 2.1 and

ag(m,0) = € | Gy (-m) (P 4 P (- =0 (5 0) e

Ray(im,) = € |=Tym) P + PG 40 (0 ) ete,
Ry j(m,a) = C™ U1 (—m) P Usya(m)~'C
Ry j(m, @) = —=C7U;(m)P],U;(-m)~*C,
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0
CU;(m,a;h) = ﬁj+1(—m)/ (PLH 4+ PIYUja(s) " hyga(s) ds
0

+0;(m) / " (PA, 4 PLYT, () hy(s) ds + T (m) / P3,T7;(5) 1y (5) ds

+Tpa(om) [ PAPT () ) ds.

Using Theorems 2.1-2.3 we see that each |R; j(m,a)] — 0 as m — oo and we
get |U,(m, o, h)| = max |hilmO(1) as well. If we write
Jelp

—1 o uLj -1 o 0 ~ uLj
¢ e = { 0 ] O e = Lm} BT [Uzu‘] ’

where uy j, us ; are of order s, u respectively, (2.6) become

a5 §)-autma§ 2]

— R3 ;(m, a) {uz j+1] + R4 ;(m, ) [u(l)ﬂ =T,;(m,a,h).

There exists mo > 0 so that the coefficient matrices of % in the preceding equations
are invertible whenever m > myp. In this case the equations can be solved for 1,
which leads to functions ¢; j(m, a, h) such that max li | = max |hj|mO (1).

Je 2 JE p

By (2.5¢) we obtain

/ P, 0(s) " By (s) ds + Phy Lon o jhy = 0.

where
Lo, = Uj(=m) " 1 j(m, o, h) = Uj(m) " pa 5 (m, a, b) .
It follows from the properties of the ¢; ; and Theorems 2.1-2.3 that
1P Lo, il = max hjlmO (e72M™).
|

Using the preceding result we define closed linear subspaces Yy, o, j,r C Ym by
Yo B = {z €Yy - / PIU;(t — ;) 2(t)dt + Pl Loy o2 = o} :

We can define a variation of constants map Ky, o @ Yma,E = Xjelp Yoo B —
Xjelp Z, = Zm p by taking K, o g(h), h = (h1,- -+ , hp) to be the solution in Z,, ,
to (2.4) from Theorem 2.4 satisfying PJ,U;(—a;) ' Ky a,8(h);(0) = 0. Further-
more, the norm || K« | is uniformly bounded with respect to m, E and o € Ap
bounded. According to (2.4), we have moreover that K,, o g maps any bounded
subset of Yy, o, into a bounded one of the Banach space X, W'?([—m,m],R")
which is compactly embedded into Z,, ,. Hence K,, o, is a compact linear opera-
tor.

Remark 2.5. We note that if e; = 0, then Yy, o ;5 = Yy and PJ, = 0.
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3. CHAOTIC SOLUTIONS

We find chaotic solutions of (1.2) in this section. To this end, we first find
periodic solutions of (1.2) associated to any E = {e;};_; € {0,1}?, p € N and then
by passing to the limit p — oo, we show the desired solutions.

We consider o € Ag and say that if e; = 1, then

FYJ(t) :7(t_aj)? /BJ = (ﬂl,ja"' )ﬂd—l,j) E]Rd_17
Uitd,j(t) = uipa(t — ), i € {1,--- ,d — 1}

and if e; = 0, then
7)) =0, Bj=(0,---,0) € R wq;=0,i€{l,---,d—1}
We define the functions b;, j € I, by

bj(O[j, Qj541, ﬂ]v ﬁj-‘rla T)
d—1

=Yj+1(=7) — () + Z (ﬁi7j+lui+d7j+l(_7") - 5i,jui+d,j(7‘)) :
i=1

Note that

|bj (e, av1, By, Big1,7)| = O(e_MT) as 1 — oo uniformly

with respect to bounded oy, o1, 85, Bjt1 -

In (1.2) we now make the changes of variables

d—1
(B1)  @(t+2m+58)j) =) + 5 2 (1) + > sBijuita; (t)
i=1
1
+ mbj(aj, O[j+1, Sﬁj, Sﬁj+1,m + S)(t +m + S), Z] S Zm-‘rS )

where 1 > s > 0, m € Zy = NU{0}, S = [1/s] and [3] is the integer part of §.
The functions b; are constructed so that if z;(m + S) = zj41(—m — S) and z; are
continuous, then x is continuously extended on R and 2(m + S)p-periodic.

The differential inclusions for zj;, j € I, are

(3.2) 2j(t) = Df(7;(8)25(t) € gm,s,5(25 (1), g, jt1, By, Bt s t)
a.e.on [-m—Sm+S], jelI,,
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where

gm,s,j(xa Qg O‘j-’-laﬁja ﬁj-’-laua t)

d—1
n 1
= {UER T vE 5—2{f<s2x+’yj(b‘)+S;ﬂi7jui+d7j(t)

1

+ mbj(aj, Qj41, Sﬂj, Sﬂj_,_l, m + S)(t +m + S)) — f(’}/j(t))

d—1
. 1
— 5 Bijlira;(t) - mbg‘(% ajt1, 8B, 8Bj+1,m + S) — Df(v; (t))829€}
=1

k d—1

3 ke (5% 420 + 5 Bigisa (1)
i=1

r=1

+ mbj(ajaaj-i—lvsﬂjvsﬂj-i—lam_'— S)(t+m+ S)7S2H7t)} :

We note that Df(v;(t)) = A;(t — a;) in the notation of Section 2. Now we can
repeat with the help of Theorem 2.4 the arguments of Section 3 in [4] to solve (3.2)
in Zyys,p. We omit details, since we can directly modify the proofs without any
changes. We point out that in this way, (3.2) is solvable uniformly for E, m € Z
and 1 > s > 0 sufliciently small. For j € I, such that e; = 1, according to Section
3 of [4] (see (3.6) of [4]), (3.2) is homotopically associated to a mapping

d
M, : R =25\, M,=(Mu, -, M),

Mu(aj, B5) = {/ (h(s),ui"(s))ds : h € Lajoc(R,R™) satisfying a.e. on R

d—1 k
M) € (5 D BuaBraDF Q) (arat) v () + 3 e Fr(1(6), 0, + om)} .
i,r=1 r=1

While for j € I, such that e; = 0, according to Section 3 of [4] and Remark 2.5
(see again (3.6) of [4]), (3.2) is homotopically solvable. We note that the mapping
M,, is upper-semicontinuous with compact convex values and maps bounded sets
into bounded ones [4].

Consequently, the solvability of (3.2) is reduced to the solvability of the system
of pg equal inclusions

OEMM, Y OeMua

pE times

where pg is the number of 1’s in E. Summarizing we have the following general-
izations of Theorems 3.2 and 2.3 of [4].

Theorem 3.1. Let d > 1. If there is a non—empty open bounded set B C R? and
Lo € Sk=1 such that

(i) 0 ¢ M,,(9B),
(11) deg (Mﬂov Ba O) 7é 0 ’
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where deg is the topological degree in the sense of [2, pp. 154-155] and [12, p. 20],
then there is a constant K > 0 and a wedge-shaped region in R* for p of the form

R = {82,& : 5> 0, respectively fi, is from an open small connected
neighborhood Uy, respectively Uy C S*=1, of 0 € R, respectively of uo}

such that for any p € R of the form p = 521, 0 < s € Uy, fi € Uy and any finite
sequence B = {e;}_, € {0,1}?, p € N, the differential inclusion (1.2) possesses
a subharmonic solution T, g of period 2mp for any m € N, m > [1/s] satisfying,
according to (3.1),
(3.3) sup |xm7E(t) —y(t—2mj — amJ)E)‘ < Ks when e;=1,

(2j—1)m<t<(2j+1)m

sup |me(t)’ < Ks®> when e; =0,

(2j—1)ym<t<(25+1)m
where m j g € R and |am ;5| < K.
Theorem 3.2. Let d = 1. If there are constants a < b and pg € S*=1 such that

M, (a) contains only positive (respectively negative) numbers

and M, (b) contains only negative (respectively positive) ones,
then there is a constant K > 0 and a wedge—shaped region in R¥ for u of the form

R = { + 521 : s> 0, respectively fi, is from an open small connected

neighborhood Uy, respectively Uy C S¥=1, of 0 € R, respectively of uo}

such that for any p € R of the form pu = +s2f1, 0 < s € Uy, ji € Uy and any finite
sequence B = {e;}i_; € {0,1}7, p € N, the differential inclusion (1.2) possesses
a subharmonic solution T, g of period 2mp for any m € N, m > [1/s] satisfying,
according to (3.1),

(3.4) sup |Tm,B(t) — y(t —2mj — )| < Ks* when e;=1,
(2j—1)m<t<(2j+1)m

Sub ‘xm,E(t)‘ < Ks* when e; =0,
(25 —-1)m<t<(25+1)m

where m j g € R and |am ;5| < K.

Now let us take any infinite sequence E' = {e;}32_ . € {0, 1}% and apply Theo-
rems 3.1 and 3.2 to B, = {e;}/__,, p € N to obtain the solution x,, g,. By passing
to the limit p — oo, then the proof of Theorem 7.1 of [4] immediately implies the

following main result of this paper.

Theorem 3.3. Theorems 3.1 and 3.2 are wvalid for any infinite sequence E =
{ei}5e o €10, 1}2, where of course T, g are generally non-periodic.

Hence for any 1 € R, m € N sufficiently large and E € {0, 1}%, (1.2) possesses a
solution z,, g satisfying either (3.3) or (3.4). These estimates (3.3), (3.4) give the
injectivity of the mapping F — z,, g for s > O small. Let J : £ = {E e {0, I}Z} —
& be the Bernoulli shift defined by J({e;}jez) = {€;}jez, & = €j41. Now the
estimates (3.3)—(3.4) imply that x,, j(g)(t) is orbitally close to 2, g (t+2m). Hence
we can extend the deterministic chaos of [9] and [11] to (1.2) as follows.
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Theorem 3.4. Under the assumptions of either Theorem 3.1 or Theorem 3.2, for
any p € R and m € N sufficiently large, (1.2) possesses a family of solutions
{Zm’E}E€£ such that

(1) E — xm, g is injective;

(i) @y, s(m)(t) is orbitally close to Ty g (t 4 2m).

4. SINGULAR DIFFERENTIAL INCLUSIONS

In Section 3, Theorem 3.3 was obtained by extending Theorems 3.2 and 3.3 of
[4]. In this section we use the same method to extend Theorems 4.1 and 4.2 of [4].
We consider singularly perturbed differential inclusions of the form

(4.1) ex(t) € f(x(t)) + eh(x(t),e,t) ae. on R, €#0,
where ¢ € R is small, f has the properties (i)—(iv) of the Introduction and h :
R” x R x R — 2R" \ 0 is 2—periodic in t as well as upper—semicontinuous with

compact convex values. We also introduce the multivalued mappings (see (4.3),
(4.4) of [4]) of the forms

(4.2)

My : R =28\ 0, M= (Myy, -, Msg),

My(a,8) = { /OO (p(s),uf(s)} ds : p € Laioc(R,R");

— 0o

d—1
PO € (5 3 BHDA Q) wai(0) uass () £ h(1(2),0,0))  ae. on R},

i,j=1
and
(4.3) M : R — 2%\ 0,

M(a) = {/Oo (p(s),ui (s))ds : p € Lajoc(R,R);

p(t) € h(y(t),0,a) a.e. on R}.

Then Theorems 4.1 and 4.2 of [4] have the following extensions.

Theorem 4.1. Let d > 1. If there is a non—empty open bounded set B C R% and
x € {—,+} such that

(i) 0 ¢ M.(9B),
where M, is given by (4.2), then there is a constant K > 0 such that for any
sufficiently small € # 0,sgne = *1 and any E = {e;};ez € {0,1}%, the differential
inclusion (4.1) possesses a solution xm e g for any m € N satisfying

t—2mj — am
sup ‘xm7E7E(t) - 'y< UL am’j’E’Eﬂ < K+/|e| when e;=1,
(2i-1)m<t<(25+1)m €

sup |2m e 5 (8)] < Kle| when e; =0,
(2§—1)m<t<(2j+1)m

where aum je.g € R and |, j.e 5] < K.
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Theorem 4.2. Let d = 1. If there are constants a < b such that

M(a) contains only positive (respectively negative) numbers

and M (b) contains only negative (respectively positive) ones,

where M is given by (4.3), then there is a constant K > 0 such that for any
sufficiently small € # 0 and any E = {e;}jez € {0,1}%, the differential inclusion
(4.1) possesses a solution Tm, g for any m € N satisfying

t—2mj — Qe E

sup ‘ajm,e,E(t) - 7( )‘ S K|€| when €; = 1,

(2§—1)m<t<(2j+1)m

Sup | en(t)] < Kle| when e; =0,
(2§ —1)m<t<(25+1)m

€

where Qm je g € R and |om e 5| < K.

Finally, we consider the singularly perturbed differential inclusions of [5] which
take the following form

z(t) € fx(t),y(t)) + eh1(z(t),y(t),t) a.e. on R,
(4.4) ey(t) € g(z(t),y(t)) + eha(x(t),y(t),t) a.e. on R,

where € R”, y € RF and € > 0 is small, such that
(i) f € C?*(R" x R*R"), g € C?(R" x R¥,R*) and hy : R x RF — 28"\ ¢,
ho : R x RF — R \ § are upper—semicontinuous with compact and convex

values.
(i) £(0,0) =0 and R7 # 0 for any 7 € (D, f(0,0)).
(iii) g(-,0) =0, g(z,y) = A(x)y + o(|y|) for A(z) € L(RF) satisfying

B(2)A(x)B™(x) = (Dy(z), Do(x)) Va € R™,

where B : R" — L(R*), D; : R" — L(RF), Dy : R — L(RF2) are C1-
smooth mappings, k = k1 + k2 and

(Dy(2)v,v) > alv?, (Da(x)w,w) < —alw|?
Ve eR", Vue R VweRF,

where a > 0 is a constant and (-, -) are inner products.

(iv) The reduced equation of (4.4), of the form & = f(x,0), has a homoclinic
solution. That is, there exists a differentiable function ¢ — ~(¢) such that
limy s oo ¥(t) = limy—, oo ¥(¢) = 0 and #(t) = f(7(t),0).

(v) hi(z,y,t+2) = hi(x,y,t) for t e Rand i =1, 2.

We assume in addition (see [5]) that the following condition holds:

(H) There is an upper—semicontinuous mapping C' : RxR — R \ @ with compact
convex values such that C'(R x R) is bounded and C(t,« + 2) = C(t,q).
Moreover, for any § > 0, 1 € N, | > [y, where |y € N is fixed, and a € R,
there are e5; > 0, < ms; € N, (5, > 0 such that for any N > m > ms,; and
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h € Y, satisfying
[h)m < 14 sup {max {l] + veha(y(t),0,s)U hQ(0,0,S)}}
s, teR

(t,h(t)) € {u ERM ;s € R; dist {u, (s, ha(1(s), 0,5 + ) } < C(s,l}

a.e. on [—l—1,14+1],

the solution y of ey = A(y(t))y + h(t) with 0 < € < €5, satisfies
(t,y(t)) € {u eR"™! ;35 eR; dist {u, (5,C(s,0))} < 5} on [~1,1].

Now we introduce the multivalued mappings (see (3.9), (3.10) of [5])

(4.5)

MRS 22N\, M= (M, -, M),

Mi(a, 8) = { / (h(s),ui(s))ds : h € Lajoc(R,R") satisfying a.e. on R

and
(4.6)

By combining the arguments of Section 3 of this paper with those of [5], we obtain

— 00

the relation (1) € (4 5071, B8 D2F((£), 0) (e (1), uas (1))

+Dyf(7(t)7 0)(C(t7 a)) + M (’Y(U? 0,t+ a)) } )

M : R — 2%\ 0,

M(a) = {/Oo (h(s),ui(s))ds : h € Lajoc(R,R);

— 00

h(t) € Dyf(v(t),0)(C(t, @) + hi(v(t),0,t +a) a.e. on R} )

the following extensions of Theorems 3.1 and 3.2 of [5].

Theorem 4.3. Let d > 1. If there is a non—empty open bounded set B C R? such

that

(i) 0¢ M(0B),
(i) deg(M,B,0) #0,

where M is given by (4.5), then there are constants K > 0 and ¢y > 0 such that
for any 0 < € < €y and any E = {e;};ez € {0,1}%, the differential inclusion (4.4)

possesses a solution (Tm,e i, Ym.e,g) for any m € N, m > [1/+/e] satisfying

and

sup |ym,e7E(t)| < Ke
teR

sup }xm}e)E(t) —~(t —2mj — amtj@E)‘ <K\ when e;=1,

(2j—1)m<t<(2j+1)m

Sup ‘xmx,E(t” < Ke when e;=0,

(2j—1)m<t<(2j+1)m

where tm je.g € R and |, j.e 5] < K.
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Theorem 4.4. Let d = 1. If there are constants a < b such that
M(a) contains only positive (respectively negative) numbers

and M (b) contains only negative (respectively positive) ones,

where M is given by (4.6), then there are constants K > 0 and ¢y > 0 such that
for any 0 < € < eg and any E = {e;};ez € {0,1}%, the differential inclusion (4.4)
possesses a solution (Tm e g, Ym.e.g) for any m € N, m > [1//€] satisfying

SUD |Ym,e.e(t)] < Ke
teR

and

sup |Tm,e,5(t) = Y(t — 2mj — o jep)| < Ke when e =1,
(25 —1)m<t<(25+1)m

Sub |xm7e7E(t)‘ < Ke when e;=0,
(2j-1)m<t<(2j+1)m

where tm je.g € R and |, j.e, 5] < K.
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